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Outline

• Rare Variant Test
• Burden Test
• Variance Component Test

• Pleiotropy 
• Model Multiple Phenotypes

• Mendelian Randomization 
• Mediation Analysis
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Rare Variants
Genetic variants identified in the TOPMed project (2015 - Present)

3



Why Study Rare Variants?
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Region-based (or Gene-based) Test
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Burden Test
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Burden Test

7



Burden Test

• Burden test
• Cohort Allelic Sum Test (CAST, Morgenthaler & Thilly, 2006) : collapses 

information on all rare variants within a region into a single dichotomous 
variable per sample
• Weighted sum test (WST, Madsen & Browning, 2009) : collapses rare variants 

into a single weighted average of the number of rare alleles per sample

• Limitations: all rare variants are assumed influencing the phenotype 
in the same direction and with the same magnitude of effect, after 
incorporating known weights
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Variance Component Test
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Variance Component Test : SKAT
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Power Comparisons of SKAT and Burden Tests
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Sample Sizes Required for Reaching 80% Power



Practices of Rare Variant Tests

• QC
• Filter out common variants (especially those associated with the 

phenotype of interest)
• Group by functional annotations (i.e., known biological functions of 

the genetic variants)
• Account for possible confounding covariates: age, sex, genotype PCs, 

etc.
• Genomic control factor and meta-analysis methods also apply
• Visualize by Manhattan and QQ plots
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Pleiotropy 
• Pleiotropy: One gene can affect 

multiple traits
• Example pleiotropy in chickens and 

the Frizzle Trait:
In 1936, researchers Walter Landauer and 
Elizabeth Upham observed that chickens 
that expressed the dominant frizzle gene 
produced feathers that curled outward 
rather than lying flat against their bodies 
(Figure 2). However, this was not the only 
phenotypic effect of this gene — along 
with producing defective feathers, the 
frizzle gene caused the fowl to have 
abnormal body temperatures, higher 
metabolic and blood flow rates, and 
greater digestive capacity. Furthermore, 
chickens who had this allele also laid fewer 
eggs than their wild-type counterparts, 
further highlighting the pleiotropic nature 
of the frizzle gene.
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Example Pleiotropy at APOE E4 allele (rs429358) in Human
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https://www.snpedia.com/index.php/Rs429358


Testing Genetic Pleiotropy

• 𝐻!: No trait (𝑌 = (𝑌", … , 𝑌#)) is associated with the test SNP 𝑥
• F-statistic (assume normally distributed quantitative traits)
• 𝑙𝑚(𝑌 ~ 𝑥) : multiple response variables
• 𝑙𝑚(𝑥 ~ 𝑌) : reverse regression with multiple explanatory variables
• Test canonical correlation of 𝑌~ 𝑥 (used by plink.multivariate, Ferreira & 

Purcell, Bioinformatics, 2019)

• Test association between top Principal Component of 𝑌 = (𝑌", … , 𝑌#)
and SNP 𝑥
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Canonical Correlation Analysis (CCA)

• Assume normally distributed traits: 𝑌!×# = (𝑌$, … , 𝑌#)
• SNP genotype vector: 𝑥$×!
• CCA extracts the linear combination of traits that explain the largest 

possible amount of the covariation between the marker and all traits
• 𝑏! = arg _max _𝑐𝑜𝑟𝑟(𝑥, 𝑏!𝑌)
• Solving for 𝑏! that maximizes 𝜌 = 𝑐𝑜𝑟𝑟(𝑥, 𝑏!𝑌)

• Test statistic Wilk’s lambda : 𝜆 = 1 − +𝜌%, 
• Canonical correlation estimate 2𝜌 is given by the square root of the eigenvalue of 

Σ","
$!" Σ",%Σ%,%$&Σ%,"Σ","

$!"

• 𝑏 is an eigenvector of Σ%,%$&Σ%,"Σ","$&Σ",%
• F-approximation: F',($'$& = 1 − 𝜆 𝜆 ∗ )$*$&

*
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Performance of the multivariate test of association.
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Bioinformatics, Volume 25, Issue 1, 1 January 
2009, Pages 132–133, 
https://doi.org/10.1093/bioinformatics/btn563

The content of this slide may be subject to copyright: please 
see the slide notes for details.

• 60% heritability
• 20% minor allele 

frequency
• r=0.2, 0.4, 0.6 

denoting residual 
cross-trait 
correlation

https://doi.org/10.1093/bioinformatics/btn563


Mediation Analysis

• Mediation Analysis seeks to identify the mechanism that the 
Independent Variable (Instruments) affects the Dependent Variable 
(Response) through the Mediator Variable
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Mendelian Randomization 

• Assumptions for Instruments 
(Didelez and Sheehan, 2007).

1. Not associated with any confounder 
of the Exposure-Outcome association 
(IV 1)

2. Associated with the 
Exposure/Mediator (IV 2)

3. Conditionally independent of the 
outcome given the Exposure and 
confounders (IV 3)
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Mendelian Randomization 

• Mendelian Randomization uses genetic variants as instruments for 
Mediation Analysis
• Under the Mendel’s Second Law, genotypes are assigned randomly when 

passed from parents to offspring during meiosis (independent assortment)
• Alternative of traditional randomized trials to estimate a putative causal 

effect of the mediator on phenotype
• Instruments are proxies of the exposure that are free of confounders
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Pleiotropy vs. Mediation 

• Pleiotropy
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• Mediation 



Model
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Test Methods

• Inverse-Variance Weighted (IVW) method : Estimate the ratio 
between SNP-outcome association and SNP-exposure association 
using a meta-analysis approach
• MR-Egger Regression (Bowden et al., 2015) : Weighted linear 

regression of the SNP-outcome coefficients on the SNP-exposure 
coefficients. Without an intercept term in the regression model, MR-
Egger slope estimate will equal to the IVW estimate.
• SMR & GSMR (Zhu et. al., 2016, Zhu et. al., 2018): 
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Inverse-Variance Weighted (IVW) method

• Single variant test results are available for testing M~ 𝑆𝑁𝑃! 𝑋!
• Single variant test results are available for testing Y ~ 𝑆𝑁𝑃! 𝑋!
• Assume no direct causal effect 𝑆𝑁𝑃! → 𝑌 (Assumption IV3), the causal effect 

mediated through M is estimated by
$𝛽!"#$"%,' =

$𝛽(!)
$𝛽(!*

• With multiple genetic variants (in linkage equilibrium), the above causal effect of 
SNP" → 𝑀 → 𝑌 can be estimated using the weighted average of the ratio 
estimates per SNP (analogous to the inverse-variance meta-analysis method)

3𝛽#$%&$' =
∑!(),…,,𝑤! 3𝛽#$%&$',!

∑!(),…,,𝑤!
, 𝑤! = 3𝛽-!.

/ /𝜎 0~-!
/
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IVW Example
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Weaker assumption IV3 (exclusion restriction 
assumption), Bowden et al., 2015
• Direct causal effect 𝑆𝑁𝑃' → 𝑌

(Assumption IV3) is not 0 for all Ivs
• Assume Instrument Strength 

Independent of Direct Effect 
(InSIDE)
• The distributions of 𝛽234256#7,! and 
𝛽#$%&$',! are independent

• Egger regression: Over causal effect 
of SNP()",…,, → 𝑀 → 𝑌 can be 
estimated by the linear regression 
slope of 1𝛽-!.~ 1𝛽-!/ , 𝑗 = 1,… , 𝐽
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Example MR Studies of Blood Pressure and Coronary Artery Disease
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Study multi-omics data by MR methods

• Test genetic-phenotype causality mediated through epigenome (DNA 
methylation, histone markers), transcriptome (gene expressions), 
proteome (protein abundance)
• Select IV SNPs
• GWAS
• Molecular Quantitative Trait Loci (e.g., eQTL)

• Apply MR methods 
• MR-Egger, Bowden et. al., 2015
• SMR, Zhu et. al., 2016
• GSMR, Zhu et. al., 2018
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Transcription
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https://www.thoughtco.com/dna-transcription-373398



Profile Gene Expression Levels by RNA-sequencing
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eQTL
• Consider the profiled gene expression levels as the quantitative trait 𝑌 in the 

following single variant linear regression model:
𝑌 = 𝛽8 + 𝛼𝐶 + 𝛽)𝑋 + 𝜖, 𝜖~𝑁 0, 𝜎/

• 𝑋 represents the genotype data (0, 1, 2) or dosage [0, 2] of the test SNP
• 𝐶 represents the confounding covariates or other environmental variables
• 𝜖 represents the error term, other unknown factors

• eQTL :SNPs significantly associated with a gene expression quantitative trait 
(𝐻8: 𝛽) = 0 is significantly rejected) are referred as expression Quantitative Trait 
Loci
• Cis-eQTL : nearby the test gene (e.g., located within the +-1MB region of the 

transcription starting site). Need to screen thousands SNPs per gene.
• Trans-eQTL : distant from the test gene (e.g., located out of the +-1MB region of 

the transcription starting site, or on different chromosome). Need to screen 
~10M SNPs per gene.
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Summary data-based Mendelian Randomization (SMR) 
Zhu et. al., 2016. 

• Consider SNP genotype/IV z, 
phenotype/response y, 
mediator/gene expression x 
• Study the causal effects from SNPs 

/ IVs -> Gene Expression / 
Mediator -> Disease/Outcome

𝑏9: = 𝑏;:/𝑏;9
• Use summary-level GWAS and

eQTL data (p-values, effect sizes, 
effect size variances, sample sizes, 
minor allele frequencies)

32



Available Tools

• R library “SKAT”: Rare variant test
https://cran.r-project.org/web/packages/SKAT/vignettes/SKAT.pdf

• PheWeb : Visualize Biobank GWAS results of multiple phenotypes, 
search phenotypes, genes, SNPs

https://pheweb.org/

• Test pleiotropy effect : plink.multivariate
https://genepi.qimr.edu.au/staff/manuelF/multivariate/main.html

• GSMR : Generalized Summary-data-based Mendelian Randomization
https://yanglab.westlake.edu.cn/software/gsmr/
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https://cran.r-project.org/web/packages/SKAT/vignettes/SKAT.pdf
https://pheweb.org/
https://genepi.qimr.edu.au/staff/manuelF/multivariate/main.html
https://yanglab.westlake.edu.cn/software/gsmr/


Lecture on 03/01

• Transcriptome-wide Association Studies (TWAS)
• PrediXcan based on Elastic-Net model (Gamazon et. al. Nature Genetics, 

2015).
• TIGAR based on Bayesian Dirichlet Process Regression model (Nagpal et. al, 

AJHG 2019).
• PMR-Egger based on a MR likelihood framework that unifies existing TWAS 

and MR methods (Yuan et. al, Nature Communications, 2020).
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